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Abstract

A boundary layer integral analysis has been executed to investigate the heat transfer characteristics of natural convection gas flows in
symmetrically heated vertical microchannels, under the conditions of large channel aspect ratios, in the slip flow regime. It has been
revealed that for low values of Rayleigh number, the entrance region length is only a small fraction of the total channel extent. For higher
values of Rayleigh number, however, effects of the developing region are non-trivial, and two counteracting heat transfer mechanisms
need to be aptly taken into consideration for interpreting the Nusselt number values. In the present study, the proportionate enhance-
ment in the average Nusselt number with wall-slip effects has been observed to become more prominent for higher values of Knudsen
number. However, the relative augmentation in the rate of heat transfer tends to get somewhat arrested for higher values of Rayleigh
number, as attributable to the counteracting influences of augmented rates of advective transport and reduced wall-adjacent temperature
gradients. For all cases, the boundary layer theory based predictions have been found to agree excellently with the corresponding results
obtained from full-scale numerical predictions.
� 2008 Published by Elsevier Ltd.
1. Introduction

Microelectromechanical systems (MEMS) based devices
find their applications in a wide variety of emerging tech-
nologies, ranging from microactuators, microsensors, mic-
roreactors to thermo-mechanical data storage systems, to
name a few. Design and optimization of many of these mic-
rodevices involve the analysis of gas flows through micro-
channels, thereby emphasizing the need for reliable
analytical capabilities to address the pertinent issues that
are closely associated with the fundamentals of thermo-
fluidic transport of gases over reduced length scales [1].

The primary challenges associated with the mathemati-
cal analysis of microscale gaseous flows originate from
the fact that the flow physics tend to get changed alto-
gether, as one reduces the length scales from the macro
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domain to the micro domain. The classical continuum
hypothesis ceases to work as the distance traversed by mol-
ecules between successive collisions (i.e., the mean free
path, k) becomes comparable with the characteristic length
scale of the system (L) over which characteristic changes in
the transport phenomena are expected to occur. The ratio
of these two quantities, known as the Knudsen number
(Kn = k/L), is an indicator of the degree of rarefaction of
the system, which determines the extent of deviation from
a possible continuum behaviour. For 0 < Kn < 0.01, the
flow domain can be treated as a continuum, in which the
Navier Stokes equation in conjunction with the no-slip wall
boundary conditions become applicable. On the other
extreme, when Kn > 10, the flow becomes free molecular
in nature, because of negligible molecular collisions. The
range of Kn spanning from 0.01 to 0.1 is known as the slip
flow regime, over which the no-slip boundary condition
becomes invalid, although continuum conservation equa-
tions can still be used to characterize the bulk flow. This
regime of flow has perhaps attracted most serious attention
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Fig. 1. A schematic showing the problem geometry along with the
coordinate system adopted.
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from the engineering research community till date, because
of its immense significance associated with many of the
practical and technologically important microfluidic
devices [1].

Convective transport in microchannels over the slip
flow regime has been the focal point of attention of many
research studies in the recent past. However, despite a
wide-ranging technological importance of natural convec-
tion in microchannels, only a few studies reported in the
literature have aptly emphasized on the underlying scien-
tific issues. Chen and Weng [2] recently presented analyti-
cal investigations on fully developed natural convection in
open–ended vertical parallel plate microchannels, by tak-
ing the velocity slip and temperature jump effects into
account. An important conclusion from their study is that
for fully developed free convection flows with symmetri-
cally heated walls, the Nusselt number turns out to be
zero. These conclusions, however, were made by neglecting
the momentum and heat transfer characteristics in the
developing region of the microchannel. Appreciating the
fact that the transport phenomena in the developing region
might influence the characteristics of the fully developed
natural convection in vertical microchannels in a rather
profound manner, Biswal et al. [3] have recently executed
a comprehensive computational study on free convection
heat transfer in the entrance region, followed by that in
the fully developed region, in long vertical microchannels,
for different values of Knudsen number and Rayleigh
number. In their study, special implications of accommo-
dating the effects of the developing region in the heat
transfer analysis were discussed in details and some impor-
tant conclusions based on the same were pinpointed. Had-
dad et al. [4] have reported implicit finite difference
simulations of the developing natural convection in an iso-
thermally heated microchannel filled with porous media.
Chen and Weng [5], in a subsequent study, have empha-
sized the importance of thermal creep and high order
slip/jump conditions for modeling developing natural con-
vection problems, by employing a marching implicit
procedure.

Despite the fact that detailed computational studies
have been reported in the literature on the entrance region
free convection transport in vertical microchannels, it is
important to appreciate that such full-scale numerical sim-
ulation studies often demand computationally expensive
efforts for solving practical design problems for wide para-
metric variations in the operating conditions. In that
respect, boundary layer based semi-analytical methodolo-
gies might not only turn out to be computationally much
less demanding, but also are likely to provide direct phys-
ical insights regarding the fundamental physics of transport
phenomena in the entrance region in a more elegant man-
ner. Not only that, numerous parametric variations can be
studied with the help of such analysis, without incurring
stringent computational constraints. Having said that, it
is also important to appreciate that such formalism is by
no means trivial to establish, primarily attributed to the
velocity slip and temperature jump effects occurring at
the wall-fluid interface.

Aim of the present work, accordingly, is to develop a
boundary layer based model on free convection heat trans-
fer in vertical microchannels, with a primary vision of cap-
turing the interplay between the boundary layer growth in
the developing region and the microscale effects manifested
through wall-slippage and temperature jump conditions at
the gas–solid interface. To the best of our knowledge, such
analysis is yet to be comprehensively executed in the con-
text of free convective heat transfer in vertical microchan-
nels. The outcome of the present analysis is also
compared with the corresponding predictions obtained
from full-scale numerical simulations, so as to make a
rational assessment on the predictive capabilities of the
present semi-analytical approach.
2. Mathematical modeling

For mathematical modeling, we consider a vertical par-
allel plate microchannel with the coordinate system and
other geometrical details as shown in the Fig. 1. The length
(L) of the channel is considered to be much larger than the
width (H). The flow is considered to be two-dimensional.
The temperature of the channel walls is uniform at Tw.
The channel is open at both the ends to the ambient with
temperature of T1, which is lower than Tw. This tempera-
ture difference generates an upward buoyancy induced flow
in the microchannel. The physical properties of the gas are
assumed to be constant (comparisons with variable-prop-
erty based full-scale numerical simulation predictions are
resented later for justifying this assumption). The com-
pressibility effects and viscous heat dissipation are
neglected [6] due to the assumption of low speed micro flow
(Mach number less than 0.3).

The governing continuity, momentum and energy equa-
tions for steady, incompressible and laminar flow in the
microchannel are as follows:
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For executing a boundary layer analysis, the following
scales are considered: u � U, m � V, x � L, y � d, such that
d
L� 1. Invoking the Boussinesq approximation, the bound-
ary layer equations for momentum and energy conserva-
tion are written as
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where m is the kinematic viscosity, a is the thermal diffusiv-
ity, and b ¼ � 1

q
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qðT�T1Þ is the volumetric expansion

coefficient.
The momentum and the energy equations can be inte-

grated over the respective boundary layers to obtain the
following integral forms:
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where d and dt are the local hydrodynamic and thermal
boundary layer thicknesses, respectively, at any given axial
location x. Defining gt ¼ y

dt
, the following temperature pro-

file may be assumed within the thermal boundary layer:
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The above temperature profile is constrained to satisfy the
following boundary conditions:
(i) At y = dt, T = T1
(ii) At y = dt,
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Analogously, the velocity profile is taken as
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where B ¼ 2�rm
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Kn, and ux ¼ gbðT w�T1Þd2

2m . The above velocity
profile is obtained by satisfying the following boundary
conditions:
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For the convenience of obtaining semi-analytical solu-
tions, the Prandtl number is assumed to be close to unity,
so that d � dt. For that case, the profiles given by Eqs.
(9) and (10) are substituted in Eqs. (7) and (8), to yield:
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It is interesting to note here that the above equations
represent the special cases of no-slip and no temperature
jump conditions at the wall, on setting A, B = 0, so that
classical equations pertaining to the boundary layer analy-
sis of macro-scale free convective transport [7] can be
recovered as a special case of the present analysis. For
the more general case considered in this study, ux can be
eliminated from Eqs. (11) and (12) to yield:
where Ra ¼ gbðT w�T1ÞH3

ma , D ¼ d
H

� �
and X ¼ x

H. Eq. (13) can be

cast in the following form:
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Eq. (14) is solved using the fourth order Runge Kutta
method [3], to obtain the evolution of the boundary layer
as a function of the axial coordinate, X. The results are
parameterized in terms of the parameters A and B and
Ra (as appearing in Eq. (15)), or equivalently in terms of
Ra and Kn, with Pr = 1. Further, diffuse reflections with
full accommodation (rm = 1, rT = 1) are considered for
velocity slip and temperature jump boundary conditions.
The local Nusselt number is calculated as

Nu ¼
� oT

ox
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w

H
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ð16Þ
3. Results and discussion

In order to compare the present numerical solutions
with the results obtained from full-scale numerical compu-
tations, the variation of the non-dimensional entrance
length with Rayleigh number (Ra), for different values of
Knudsen number (Kn), are compared with those obtained
by Biswal et al. [3], as shown in the Fig. 2. A very good
agreement can be obtained in this regard. It is evident from
the figure that a higher value of Ra results in a longer
Fig. 2. Variation of non-dimensional entrance length with Rayleigh
number for different values Knudsen number: comparison between
boundary layer solution and full-scale numerical solution [3]. L/H is
taken as 105 for the calculations.
entrance region. In fact, for lower values of Rayleigh num-
ber, the entrance length is negligible and the flow can be
assumed to be completely fully developed over the entire
channel length. Moreover, the entrance length also
increases with enhancements in the value of Kn. This can
be attributed to the fact that for a given temperature differ-
ential between the wall and the bulk stream, the velocity
slip and temperature jump conditions at the walls give rise
to higher flow velocities. Higher the value of Kn, more
prominent is this effect. This effectively decreases the near
wall velocity and temperature gradients and retards the
growth of both hydrodynamic and thermal boundary lay-
ers, so that the entrance length is effectively increased.

Fig. 3 depicts the variation in the local Nusselt number
(Nu), along the microchannel height, for different values of
Kn. These variations are characterized with an initial steep
fall in Nu, followed by an asymptotic decrement towards
zero in the fully developed region. It is primarily a rapid
growth of the thermal boundary layer in microchannel
flows that gives rise to the steep initial gradients. However,
with higher values of Kn, the boundary layer growth is
somewhat delayed, as explained earlier. This leads to a
delayed attainment of the thermally fully developed state.
From Fig. 3 it is also apparent that the predictions from
boundary layer theory agree quite well with the predictions
made from full-scale numerical simulations.
Fig. 3. Variations in local Nusselt number along the height of channel, for
Ra = 105, with different values of Kn: comparison between boundary layer
solution and full-scale numerical solution [3].



Fig. 5. Variations in average Nusselt number with non-dimensional
channel height for Kn = 0.09: comparison between the present solution
and numerical solution [5].
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Fig. 4 depicts the variations of the axially-averaged Nu

with Ra, for different values of Kn. For low values of Ra,
the average Nu approaches zero. This is attributable to
the fact that for such cases the flow becomes fully devel-
oped after traversing a very short distance, on entering
the channel. However, the extent of the entrance region
becomes significantly more prominent as the Rayleigh
number increases. Further, with higher values of Kn, the
entrance region transport is more emphatically dictated
by the wall-slip effects. For a given imposed pressure gradi-
ent on account of thermal buoyancy effects, the mass flow
rate tends to increase significantly with more prominent
wall-slippage effects, leading to an enhancement in the rate
of heat transfer. On the other hand, a higher value of Kn
also implies more significant temperature jump at the walls,
which tends to decrease the driving temperature gradient
for convective heat transfer between the wall-adjacent layer
and the bulk fluid. Although this effect counterbalances the
effect of augmented advective transport to some extent, it is
found to be insufficient in totally overweighing the influ-
ences of the later, so that an augmentation in the average
rate of heat transfer with increments in the value of Kn
occurs for the cases represented in Fig. 4. However, the rel-
ative augmentation in the rate of heat transfer tends to get
arrested to some extent for higher values of Ra. This can be
attributed to the counteracting influences of augmented
advective transport and reduced wall-adjacent temperature
gradients. With regard to the prediction of average Nusselt
number for the cases investigated, there appears to be an
excellent agreement between the boundary layer solutions
and full-scale numerical predictions [3].

The semi-analytical method that has been developed
here can elegantly be employed to capture the thermal
creep effects in the wall-slip boundary conditions, with pos-
sible higher order extensions. As a first extension towards
accommodating thermal creep effects at the wall, following
additional term is considered for the pertinent velocity
Fig. 4. Variations in average Nusselt number with Rayleigh number for
different values of Kn: comparison between boundary layer solution and
full-scale numerical solution [3].
boundary condition: uadd ¼ 3
2p
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order wall-jump conditions are subsequently augmented
to higher order effects by replacing the molecular mean free
path with [5] lck/(lc � bk), where lc is the characteristic
length (defined as the hydraulic diameter of the channel)
and b is a high order slip coefficient, defined as

b ¼ 1
2
lc

o2uns
oy2
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; uns being the corresponding no-slip velocity

field. The remaining part of the calculation is same as
before, and hence is not repeated here for the sake of brev-
ity. However, an interesting comparison between our semi-
analytical solutions and the results presented by Chen and
Weng [5], with regard to the Nusselt number predictions
considering higher order slip/jump conditions, is presented
in Fig. 5 to summarize our findings in this regard. For effec-
tive comparisons, we chose the following expression for the
dimensionless channel height: L� ¼ L

Ralc
. In essence, varia-

tions in average Nu with L� are presented in Fig. 5, corre-
sponding to Kn = 0.09, as a representative case. An
excellent agreement between the present solutions and the
numerical solutions can be observed for this case of an
extended slip model as well.

4. Conclusions

A boundary layer analysis has been presented in this
work to assess the implications of the developing regime
transport on natural convection slip flows in vertical micro-
channels. With the consideration of temperature-indepen-
dent thermo-physical properties, the boundary layer
equations are solved by following the integral approach
over the slip flow regime. Interestingly, these results agree
excellently with the corresponding full-scale simulation
predictions obtained by solving the Navier–Stokes–Fourier
equations with variable-property considerations. This pos-
sibly leads to the conclusion that to the level of the details
intended to be obtained from the analysis, the variations of
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thermo-physical properties with temperature play only a
marginal role in determining the entrance length and local
Nusselt number variations for natural convection in micro-
channels. Therefore, the present boundary layer formula-
tion may be considered as an inexpensive yet reasonably
accurate design basis for natural convection microchannel
slip flows, instead of attempting for time-intensive full-scale
numerical computations over a wide gamut of operating
conditions.
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